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Weyl semimetal phase in solid-solution narrow-gap semiconductors
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We theoretically investigate ferromagnetic ordering in magnetically doped solid-solution narrow-gap semiconductors
with the strong spin-orbit interaction such as Cr-doped Bi2(SexTe1−x)3. We compute the spontaneous magnetization of
impurities and itinerant electrons, and estimate the critical temperature as a function of the concentration of magnetic
dopants and the strength of the spin-orbit interaction. It is found that the critical temperature is proportional to the
concentration of dopants and enhanced with the strong spin-orbit interaction. It is also found that the ferromagnetic
transition could make the system turn to the Weyl semimetal which possesses a pair of Weyl points separating in the
momentum space.
Electric devices generally take advantage of the charge of
electrons, whereas magnetic devices are used for recording
information involving electron spin. The realization of mate-
rials that combine semiconducting behavior with robust mag-
netism has been a central issue of a research field of semicon-
ductor spintronics.1, 2 It has been established that several com-
pound semiconductors become ferromagnetic when doped
with Mn.2 Magnetic order originates from coupling between
magnetic element moments which is mediated by conduction-
band electrons or valence-band holes. Since the Curie temper-
atures, Tc, of these dilute magnetic semiconductors (DMSs)
are not as high as those of ferromagnetic metals, a search for
new materials is a central issue in this field.
The Weyl semimetals are recently predicted novel mag-
netic materials with the pseudo-relativistic linear dispersions
and magnetic ordering. Near the band-touching points (Weyl
points), the excitations are described by the massless Dirac-
Weyl Hamiltonian. Quasiparticles, the Weyl fermions, are as-
signed a chirality, and the bulk band gap opens only if the
two Weyl fermions with opposite chirality meet each other.
This topological behavior originates in the nonzero Berry cur-
vature enclosing a Weyl point. The Weyl semimetal phase
was first proposed to realize in pyrochlore iridates such as
A2Ir2O7, where A = Y or a rare earth such as Eu, Nd, and
Sm.3 Spinels based on osmium4 and HgCr2Se45 have also
been proposed as candidates. Another route to engineer Weyl
semimetals is the use of heterostructures of topological insu-
lators.6 Despite several theoretical approaches have been pro-
posed,3–7 currently there are no clearly established materials
with Weyl nodes near the chemical potential.
Other possible candidates for Weyl semimetals with sim-
ple setup are Bi2Se3 family doped with transition metals.8
Bi2Se3 is known to be a three-dimensional topological in-
sulator (TI).9 In one of those materials, Cr-doped Bi2Se3, a
ferromagnetic state is observed by magnetization measure-
ments.10, 11 Unlike conventional DMSs where magnetic order
is mediated by itinerant electrons, because of strong spin-orbit
coupling, ferromagnetic ordering is induced by the Van-Vleck
paramagnetism in Bi2Se3 family.12
Recently the angle-resolved photoemission spectroscopy
(ARPES) demonstrates that, in Cr-doped Bi2(SexTe1−x)3, the
bulk band gap becomes smaller as substituting tellurium for
selenium and, eventually, closes at the Γ point with the se-
lenium concentration x ≈ 60% which corresponds to the
topological phase transition point.13, 14 Since the band gap be-
comes zero with this selenium concentration, it is easy to in-
vert valence and conduction bands by exchange fields,15 and
the system turns into the Weyl semimetal phase.
In this work we examine the realization of the Weyl
semimetal phase in bulk solid-solution narrow-gap semicon-
ductors doped with magnetic atoms such as Cr and Fe. As a
specific model, we take a hexagonal lattice model with pa-
rameters of Bi2Se3 and vary the strength of spin-orbit cou-
pling and the magnetic impurity concentration. We estimate
the critical temperature of the ferromagnetic phase transition
by computing the spontaneous magnetization of impurities
and itinerant electrons, and propose the diagram of topologi-
cal phases for Bi2Se3 family.
We introduce an effective lattice model for a narrow gap
semiconductor. For simplicity we consider the highest valence
band and the lowest conduction band,16 each band has two-
fold degeneracy in the presence of time-reversal symmetry
(TRS). The Hamiltonian is given by
H0 =
∑
k
c
†
kH0(k)ck (1)
where c†k = (c†k↑−, c†k↓−, c†k↑+, c†k↓+) is an electron creation op-
erator with the wave vector k, ± is the band index showing
parity, and
H0(k) =
3∑
i=1
Ri(k)αi + m(k)α4 + ε(k)I (2)
discribes the band structure of the system. α = (α1, α2, α3, α4)
where
αi =
(
0 σi
σi 0
)
, α4 =
(
I 0
0 −I
)
, (3)
with σi being Pauli matrices, and Ri(k), m(k), and ε(k) are
taken to be the hexagonal lattice,
R1(k) = 2√
3
A1 sin

√
3
2
kx
 cos
(
1
2
ky
)
, (4)
R2(k) = 23 A1
cos

√
3
2
kx
 sin
(
1
2
ky
)
+ sin
(
ky
) , (5)
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R3(k) = A2 sin(kz), (6)
m(k) = m0 − B2[2 − 2 cos(kz)]
−43 B1
3 − 2 cos

√
3
2
kx
 cos
(
1
2
ky
)
− cos
(
ky
) , (7)
ε(k) = −ǫF + D2[2 − 2 cos(kz)]
+
4
3 D1
3 − 2 cos

√
3
2
kx
 cos
(
1
2
ky
)
− cos
(
ky
) . (8)
m0 corresponds to the band gap at the Gamma point,
which is related to the strength of the spin-orbit interaction.
A1, A2, B1, B2, D1, D2 and ǫF are material dependent parame-
ters determined to fit the ab initio calculation.16, 17
Next we introduce the magnetic interaction between elec-
trons and localized magnetic impurities:
HJ = J
NS∑
I=1
S(rI) · c†IΣcI , (9)
where rI is the position of the magnetic impurity and S(r) is
its magnetic moment. c†I = (c†I↑−, c†I↓−, c†I↑+, c†I↓+) is an electron
creation operator in the Wannier state centered at rI , and
Σi =
(
σi 0
0 σi
)
(10)
is the spin matrix of band electrons.
Electrons and magnetic impurities are coupled through the
interaction Hamiltonian HJ. We introduce the virtual crystal
approximation so that we can decouple the electron system
and the impurity system. We assume that magnetic fluctua-
tions are small and neglect second and higher orders of fluc-
tuations. The expectation value of the electron spins and the
impurity spins are defined as
m =
N∑
i=1
〈c†i Σci〉
N
, M =
NS∑
I=1
〈S(rI )〉
NS
, (11)
where summations are over all sites and all impurity sites,
respectively. Finally we obtain the effective Hamiltonian de-
coupled into the electron part and the magnetic impurity part
written as
H = HMFe + H
MF
S − NJ M · m. (12)
HMFe (HMFS ) is the effective Hamiltonian of electrons (local
spins),
HMFe =
∑
k
c
†
k
[H0(k) + xJ M · Σ] ck, (13)
HMFS = Jm ·
NS∑
I=1
S(rI), (14)
where x is the concentration of magnetic impurities. The in-
teraction Hamiltonian HJ induces the effective Zeeman in-
teraction to electrons, which breaks TRS. Since the easy
axis is found to be z direction determined by calculating the
anisotropy energy for Bi2Se3, we choose z direction as a quan-
tization axis.
The band structure of the non-magnetic phase and the or-
dered phase for the four-band model with m0 = 0 eV are
shown in FIG.1. In the regime without magnetic ordering (left
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FIG. 1. (Color online) Magnetic impurity effect on the energy dispersion
along kz axis (kx , ky = 0). The parameters are S = 3/2, J = 2.0 eV, m0 = 0 eV,
and the rest of the parameters are chosen to fit the Bi2Se3 energy dispersion
based on the first-principles calculation: A1 = 1.01 eV, A2 = 0.32 eV, B1 =
3.41 eV, B2 = 0.216 eV, D1 = 1.18 eV, D2 = 0.024 eV and ǫF = 0 eV.
figure in FIG.1), the system is called the Dirac semimetal
phase which has a gap-closing point, a Dirac point which
is doubly degenerated Weyl points, at the gamma point. De-
spite the presence of TRS, a Dirac point is no longer protected
by Kramers degeneracy and band gap may open by perturba-
tions, because each bands have two-fold degeneracy. On the
other hand, once the system turns into the magnetically or-
dered regime (right figure in FIG.1), effective Zeeman shift
induced by the exchange interaction resolves the degeneracy
of Weyl points along the symmetry broken direction, in this
case, kz axis. In the absence of TRS, it is known that there
must exist same number of particles with opposite chirality,
which means this state is stable as far as each Weyl points
are separated in the momentum space and a band gap cannot
be opened up. In other words, the magnetic ordered regime
is the Weyl semimetal phase with two topologically protected
robust Weyl points.
The finite temperature magnetization is calculated by
mz =
∑
k,n
(
U†ΣzU
)
nn
N
f (ǫn(k) − µ), (15)
Mz = −xS BS (βJmS ), (16)
where BS is the Brillouin function
BS (x) = 2S + 12S coth
(
2S + 1
2S
x
)
− 1
2S
coth
(
1
2S
x
)
. (17)
U is the matrix that diagonalizes the electron Hamiltonian
HMFe whose eigenvalues are given as εn(k), and f (ǫ − µ) is
the Fermi-Dirac distribution function where µ is the chemical
potential. Equations (15) and (16) are two coupled non-linear
equations which should be solved self-consistently by an iter-
ative procedure.18
In FIG.2, we show phase diagrams for the three different
strength of spin-orbit coupling which are obtained by evaluat-
ing the temperature dependence of the magnetization of band
electrons for the half filled system. We choose three different
m0 values to be the trivial insulator, the Dirac semimetal and
the topological insulator in the undoped limit. The system,
for instance, with m0 = 0 eV and the concentration x = 5%
is ferromagnetically ordered up to Tc ≈ 40K which is ex-
perimentally reachable. This magnetic phase transition makes
the band structure change as shown in FIG.1. We also plot
gapless regime as blue region whose boundary is considered
as the transition points into the Weyl semimetal phase. For
2
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FIG. 2. (Color online) The diagram of topological phases for three different strength of spin-orbit coupling, (a) m0 = −0.28 eV, (b) m0 = 0 eV, and (c)
m0 = 0.28 eV. The black line and red points correspond to the critical temperature of the magnetic transition, while the blue region describes the gapless regime
whose boundary corresponds to the topological phase transition points. In the presence of TRS, the system corresponds to (a) a normal insulator (NI), (b) a
Dirac semimetal (DSM) and (c) a topological insulator (TI). In the absence of TRS, the system becomes a magnetic insulator (MI), a magnetic topological
insulator(MTI) and a Weyl semimetal (WSM) depending on the value of m0 and concentration. The black line is the magnetic phase transition temperature
(Curie temperature), and the blue region corresponds to the Weyl semimetal phase with two Weyl points separating in the momentum space.
the case m0 = 0 eV, the magnetic phase transition corre-
sponds to the Dirac semimetal - Weyl semimetal transition.
If the parent material is topologically non-trivial [FIG. 2 (c)],
the magnetic phase transition once makes the system into the
magnetic topological insulator phase19 whose surfaces are in
the quantized Hall regime, whereas the bulk is still insulating.
As increasing the magnetic impurity concentration, the band
splitting goes larger and eventually becomes large enough to
invert the conduction band and the valence band. Even for
starting from the trivial band insulator, the system possesses
the ordered phase at low temperatures, and eventually turns
into the Weyl semimetal phase. Although all the systems pos-
sibly become candidate materials for the Weyl semimetal, the
Curie temperature is significantly different depending on the
value of m0. To evaluate the relation between the strength
of spin-orbit coupling and the Curie temperature, we calcu-
late the magnetization of band electrons with varying m0. As
shown in FIG.3, the Curie temperature decreases as weaken-
ing the strength of the spin-orbit interaction. In Bi2Se3 fam-
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FIG. 3. (Color online) The diagram of topological phases as function of
the strength of spin-orbit coupling and m0 with magnetic impurity concen-
tration x = 5%. The black line and red points correspond to the critical tem-
perature of the magnetic transition, while the blue region describes the gap-
less regime whose boundary corresponds to the topological phase transition
points to the Weyl semimetal.
ily, a modification of spin-orbit coupling by varying mixing
ratio of Bi2Se3 and Bi2Te3 was performed recently.11 The re-
sult, furthermore, shows that Cr-doped these materials have
potential to be the stage for realizing various kinds of topo-
logical phases. The decreasing of critical temperature indi-
cates that the mechanism of ferromagnetism in Bi2Se3 family
is enhanced or created by the spin-orbit interaction. This is
consistent with the fact that the ferromagnetism in those ma-
terials are mediated by the Van-Vleck paramagnetism, since
the spin matrix element between a conduction band and a va-
lence band becomes bigger with the strong spin-orbit interac-
tion, which gives the large spin susceptibility.
Our calculation based on the mean-field approximation
that the magnetic moments of dopants are replaced by their
mean value. We assumed the magnetic dopants uniformly dis-
tributed, and neglected the effect from clustering of dopants.
Our results cannot be immediately applied to the real Cr-
doped Bi2Se3 since substituting Bi for Cr makes the strength
of spin-orbit coupling weaker and the critical temperature
depends on the strength of spin-orbit coupling. Although
our calculation might overestimate the critical temperature,
our results can qualitatively address properties of magneti-
cally doped Bi2Se3 family and the realization of the Weyl
semimetal phase.
We also study the chemical potential µ dependence of the
critical temperature for m0 = 0 eV, because the chemical po-
tential is not generally located at the Dirac point in real ma-
terials. The result is shown in FIG. 4. The finite critical tem-
perature is obtained although there is no free carriers which
mediate the order in DMS systems, and the critical temper-
ature hardly depends on the chemical potential around the
Dirac point. From these points of view, the Van-Vleck param-
agnetism is dominant near the Dirac point. On the other hand,
when the chemical potential is located away form the Dirac
point, we have checked that the critical temperature is propor-
tional to the density of states (DOS). This DOS dependence of
the critical temperature is understood as Pauli paramagnetism,
whose susceptibility is also proportional to the DOS, thus the
Pauli paramagnetism is dominating when the carrier density
is large.
The Weyl semimetal phase can be characterized by the fi-
3
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FIG. 4. (Color online) (Upper figure) Chemical potential dependence of
Curie temperature with m0 = 0 eV and x = 5%, 10%. (Lower figure) Density
of states with m0 = 0 eV and x = 5%.
nite bulk anomalous Hall conductivity. The anomalous Hall
conductivity is calculated by considering the two-dimensional
Brillouin zone which is perpendicular to the kz axis and com-
puting the two-dimensional Chern number as a function of kz,
by using TKNN formula,
σ2Dxy (kz) =
e2
~
∑
n
∫ d2k⊥
(2π)2 f (ǫnk⊥ (kz))Ω
z
nk⊥ (kz), (18)
Ωnk = ∇k × Ank, (19)
Ank = i〈nk|∇k|nk〉 (20)
where Ωnk is the Berry curvature, and Ank is the Berry con-
nection. The anomalous Hall conductivity is given by inte-
grating the two-dimensional Chern number over kz,
σxy =
∫ π/az
−π/az
dkz
2π
σ2Dxy (kz) (21)
where az is a lattice constant. Figure. 5 shows the numeri-
cally obtained anomalous Hall conductivity σxy at T = 0 K
as a function of the concentration of doped magnetic impu-
rities. We see that the anomalous Hall conductivity is pro-
portional to the concentration of magnetic impurities when
the concentration is small. This behavior is due to the fact
that the two-dimensional Chern number is quantized in units
of e2/h between two Weyl points, and vanishes at other mo-
menta.6 Namely the anomalous Hall conductivity is propor-
tional to the momentum of the Weyl point kD which is easily
evaluated kD as kD = ±JMzx/A2az. This analytical result also
shows the anomalous Hall conductivity σxy = JMzA2az x which
is consistent with our numerical result. At the concentration
x ≈ 30%, anomalous Hall conductivity reaches quantized
value σxy = e2/(haz). In this region, a conduction band and a
valence band are completely inverted by the strong exchange
interaction and no longer possess three-dimensional mass-
less Weyl fermions. This phase is understood as the quantum
anomalous Hall insulator phase.
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FIG. 5. (Color online) Anomalous Hall conductivity σxy as a function of
impurity concentration with a parameter m0 = 0 eV at T=0K. Red triangles
show the simulation result and the black solid line is the analytical result,
σxy = 2JMz x/A2az.
In conclusion, we have estimated possible conditions for
realizing the Weyl semimetal phase by doping magnetic im-
purities in Bi2Se3 family within the mean-field theory. We
found that ferromagnetic ordering in these materials is seen
below Tc = 40 K with magnetic impurity concentration
x = 5% and m0 = 0 eV which corresponds to the Dirac
semimetal in the undoped limit. This magnetic ordering is in-
troduced by the Van-Vleck paramagnetism, and thus the criti-
cal temperature depends on the strength of the spin-orbit inter-
action. We confirmed that the critical temperature decreases
with weakening the strength of the spin-orbit interaction. As
the exchange field increases, the conduction band and the va-
lence band invert. The Weyl semimetal phase is realized as
the gapless phase, as shown in FIG. 3.
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